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In recent scans of 4D F-theory geometric models, it was shown that a dominant majority of the
base geometries only support SU(2), G2, F4 and E8 gauge groups. Moreover, most of these gauge
groups are shown to couple to strongly coupled “conformal matter” sectors. For example, the E8
gauge group can couple to the compactification of 6D E-string theory on a complex curve. In this
paper, we initiate the investigation of these strongly coupled sectors by studying the spectrum of 6D
E-string theory. We construct a resolved elliptic Calabi-Yau threefold of a non-minimal Weierstrass
model, which contains a non-flat fiber with the topology of generalized del Pezzo surface. The
spectrum of E-string theory then arises from M2 brane wrapping modes on various 2-cycles on the
non-flat fiber. Finally, we discuss the compactification of these fields to 4D.
I. INTRODUCTION
Over the past thirty years, people have gradually re-
alized that string theory admits a huge number of vac-
uum solutions, forming the vast “landscape” [1, 2]. There
are then two roads towards a string theory construction
of our real world physics: the bottom-up approach and
the top-down approach. In the bottom-up approach, one
engineers a string theory geometric solution to make it
contain our particle physics standard model. However,
there is not a good reason to choose a specific initial
condition in the first place. While in the alternative top-
down approach, one attempts to classify all the possible
string theory geometric solutions and study their statis-
tical properties. If most of these string theory solutions
share a common feature, we may say that this feature
is a “prediction” from string theory. Moreover, we can
choose a “typical” string theory geometry with all the
common features, which serves as a natural starting point
for model building.
Following the top-down approach, we choose the F-
theory framework as our starting point, which is a pow-
erful geometric description of strongly coupled IIB super-
string theory [3–5]. After compactifying F-theory on an
elliptically fibered Calabi-Yau fourfold X , one obtains a
4D N = 1 supergravity theory. The F-theory ensemble
contains some of the largest finite numbers of vacuum
solutions in any string theory literature. For example, it
was shown that there exists at least ∼ 10755 topologically
distinct toric base threefolds that can support a 4D F-
theory solution [6], and this number is further enlarged
to 103,000 with a statistical approach [7]. Moreover, on a
single elliptic Calabi-Yau fourfoldMmax with base Bmax,
there exists∼ 10224,000 distinct choices of self-dual 4-form
flux [8], each of which may give rise to a different vacuum
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solution.
There is a stunning universal feature of the dominant
majority of these 4D vacua: the geometric gauge groups
are mostly in the form of
G = SU(2)a ×Gb2 × F
c
4 × E
d
8 . (1)
For example, the geometric gauge group of the 4D F-
theory model onMmax is G = E98 ×F
8
4 × (G2×SU(2))
16
[8]. In the combinatoric ensemble of 43 × 2.96 × 10
755
toric base threefolds [6], it was shown that 99.9995%
of toric threefolds contain E108 × F
18
4 as a subgroup of
the geometric non-Higgsable gauge group. In [7], there
is an empirical formula on the number of simple non-
Higgsable gauge group components on a base threefold
B with h1,1(B) & 1, 000:
NSU(2) ∼=
[
h1,1(B) + 1
6
]
, NG2
∼=
[
h1,1(B) + 1
9
]
,
NF4
∼=
[
h1,1(B) + 1
24
]
, NE8
∼=
[
h1,1(B)
68
]
.
Another stunning result from the Monte Carlo ap-
proach [7] shows that the majority of elliptic fibrations
are non-minimal, or non-flat. Physically, this means that
the 4D physical model is actually a supergravity coupled
to modes from a 4D SCFT or a compactification of 6D
SCFT on a complex curve. These modes are generally
called “conformal matter” in our context [9, 10]. For ex-
ample, in [7], it was found that there are only ∼ 10250
“good bases” which can support a 4D Lagrangian super-
gravity theory[62], among the set of ∼ 103,000 “resolvable
bases” containing conformal matter sectors.
It is then natural to ask:
Is it possible to embed the particle physics standard
model into a 4D F-theory model on a typical base?
If the answer to the above question is No, then there
are two possible conclusions:
1. It is extremely unnatural to find our real world in
the F-theory landscape.
22. The typical geometries studied in [6–8] are dis-
favoured by some unknown physical dynamics.
Due to the absence of conventional GUT gauge groups:
SU(5), SO(10) and E6 on these geometries, the most nat-
ural way of embedding standard model seems to be the
inclusion of SU(3)×SU(2)×U(1) into a single E8. How-
ever, if one only utilizes the “bulk fields” on a stack of E8
7-branes, one faces the problem of no net chirality [11]
and the absence of Yukawa coupling terms [12]. The only
possible realization of 4D chiral matter is then using lo-
calized matter fields on a complex curve Σ ⊂ S, which
are charged under E8. However, in F-theory, the only
possible charged matter fields under E8 are the strongly
coupled matter fields! For example, we can consider a
6D rank-1 E-string theory compactified on the curve Σ.
The E-string theory is a strongly coupled 6D (1,0)
SCFT with E8 global symmetry, which is the world-
volume theory of M5 branes ending on a M9 brane
[13, 14]. The fundamental objects of the E-string the-
ory are self-dual tensionless strings, which carry an infi-
nite tower of massless higher spin modes. In this paper,
we study the particle spectrum of rank-1 E-string theory
from M/F-theory duality. We start with a generic ellip-
tic fibration X3 over the Hirzebruch surface F11, which
has a non-minimal E8 non-Higgsable gauge group on the
(−11)−curve. The resolution of X3 is a smooth Calabi-
Yau threefold Xˆ3, which has a non-flat fiber Snf with the
topology of a generalized del Pezzo surface gdP2. In the
M-theory dual picture, the M2 brane wrapping modes
on the complex curves C ⊂ Snf will give rise to an infi-
nite massless higher spin tower in the 6D F-theory limit.
We find that the lowest spin modes are a 6D hypermul-
tiplet in 248 representation of E8, a vector multiplet in
representation 3875 and a Rarita-Schwinger multiplet in
representation 147250.
After the 6D spectrum is obtained, we study the re-
duction of these fields on a complex curve Σ with the
inclusion of gauge flux. In order to preserve 4D N = 1
supersymmetry, one needs to introduce topological twist
to organize the fields into various N = 1 supermulti-
plets. Nonetheless, it is unclear which 4D fields will re-
main massless after the coupling with gravity and gauge
fields.
The structure of this paper is as follows: in section II,
we review the basic setups of F-theory and show the com-
mon characteristics of a typical 4D F-theory geometry. In
section III, we study the spectrum of the 6D E-string the-
ory via the M-theory resolution picture. In section IV,
we discuss the compactification of 6D E-string spectrum
to 4D. Finally, we summarize the paper with some dis-
cussions in section V.
II. CHARACTERISTICS OF A TYPICAL 4D
F-THEORY GEOMETRIC MODEL
A. Basics of F-theory
A good introduction to F-theory can be found in [15,
16], and we will only review the parts that are neces-
sary for our purpose. In our setup, we consider F-theory
compactified on an elliptically fibered Calabi-Yau space
Xd+1 over a complex baseBd with d-complex dimensions,
which leads to a physical model in Minkowski space-time
R
9−2d,1. The elliptic fibration is described by a Weier-
strass model:
y2 = x3 + fx+ g, (2)
where f ∈ O(−4KB) and g ∈ O(−6KB) are sections of
the line bundles −4KB and−6KB on B. The Weierstrass
model (2) is singular at the discriminant locus
∆ = 4f3 + 27g2 = 0. (3)
For a valid geometric model in F-theory, we require that
there exists a crepant resolution ρ : Xˆd+1 → Xd+1 of
the singular space Xd+1, such that Xˆd+1 is an elliptic
Calabi-Yau manifold with only terminal singularities. In
the M-theory dual picture compactified on Xˆd+1, there
exists singular fibers over certain subset S ⊂ Bd. M2
brane wrapping modes on these singular fibers will give
rise to gauge fields and matter fields in the F-theory limit,
where all the fiber directions are shrunk to zero size.
Especially, when S is complex codimension-one, or
equivalently a divisor of B, the singular fiber over S is a
collection of exceptional P1s forming an affine Dynkin di-
agram of a Lie algebra g. The M2 branes wrapping these
exceptional P1s will give rise to the W-bosons in the ad-
joint representation adj(G), where the non-Abelian gauge
group G has the Lie algebra g. The Cartan generators of
adj(G) are reduced from the C3 field in M-theory:
C3 =
∑
i
A ∧ ωi, (4)
where ωi is the (1, 1)-form Poincare´ dual to the excep-
tional divisor Ei, which is a fibration of an exceptional
P
1 over S.
In the IIB/F-theory picture, the non-Abelian gauge
fields are the open string modes of a stack of 7-branes
wrapping S×R9−2d,1. The dictionary between the gauge
group GS on this stack of 7-branes and the properties
of (f, g,∆) near S is well-studied, see table I. Besides
the information of the order of vanishing of (f, g,∆) on
S, one also need to write down the “monodromy cover
polynomial” [17] for some of the Kodaira fiber types. For
example, if we have ordS(f, g,∆) = (2, 3, 6), then we need
to examine the polynomial M(ψ) = ψ3 + f2ψ + g3. If
M(ψ) can be reduced to a product of three polynomials
in ψ, then GS =SO(8). If M(ψ) can only be reduced
to a product of two polynomials in ψ, then GS =SO(7).
3TABLE I: The list of the criteria for all the gauge groups in F-theory on a divisor S : u = 0. The coefficients fi and gi are
from the expansion f =
∑
i
fiu
i and g =
∑
i
giu
i near u = 0. The fourth column is the Kodaira type of the singlar fiber, and
M(ψ) is the monodromy cover polynomial. When M(ψ) is completely irreducible, the gauge group is given by the leftmost
one. When M(ψ) is completely reducible, the gauge group is given by the rightmost one.
ord(f) ord(g) ord(∆) M(ψ) Gauge group GS
0 0 2 I2 - SU(2)
0 0 n ≥ 3 In ψ
2 + (9g/2f)|u=0 Sp⌊
n
2
⌋ or SU(n)
1 ≥ 2 3 III - SU(2)
≥ 2 2 4 IV ψ2 − g2 SU(2) or SU(3)
≥ 2 ≥ 3 6 I∗0 ψ
3 + f2ψ + g3 G2 or SO(7) or SO(8)
2 3 2n+ 1(n ≥ 3) I∗2n−5 ψ
2 + 1
4
∆2n+1(2uf/9g)
3|u=0 SO(4n− 3) or SO(4n− 2)
2 3 2n+ 2(n ≥ 3) I∗2n−4 ψ
2 +∆2n+2(2uf/9g)
2|u=0 SO(4n− 1) or SO(4n)
≥ 3 4 8 IV ∗ ψ2 − g2 F4 or E6
3 ≥ 5 9 III∗ - E7
≥ 4 5 10 II∗ - E8
Otherwise, if M(ψ) is completely irreducible, then GS =
G2.
For the other cases not included in table I, i. e.
ordS(f, g,∆) ≥ (4, 6, 12) on a divisor S, there does not
exist a crepant resolution of (2). For this reason, such
a Weierstrass model cannot describe a supersymmet-
ric vacuum solution in R9−2d,1, and we will not accept
them in any circumstances. Similar problem arises when
ordC(f, g,∆) ≥ (8, 12, 24) on a codimension-two locus
C, or ordP (f, g,∆) ≥ (12, 18, 36) on a codimension-three
locus P , and so on.
The story of singular fibers over a codimension-two
locus C ⊂ Bd is more intricate, and there does not yet
exist a complete classification. Especially, when the order
of vanishing of (f, g) on C satisfies
ordC(f) ≥ 4 , ordC(g) ≥ 6, (5)
there will be non-flat fiber components in the resolved
space Xˆd+1. A non-flat fiber Snf is a submanifold of
Xˆd+1 with complex dimension dim(Snf ) > 1, which is
entirely in the fiber direction. We will provide detailed
examples of non-flat fibrations in section III A.
In the discussion of elliptic fibration over a specific base
manifold Bd, we often use the notion of non-Higgsable
phase, where f and g are chosen to be generic sections
of line bundles −4KB and −6KB respectively. In this
phase, Xd+1 is a generic elliptic fibration over Bd, and
the geometric gauge groups G are minimal among all
the possible fibrations over Bd, which are called non-
Higgsable gauge groups [18, 19]. The only possible non-
Higgsable gauge groups are SU(2), SU(3), G2, SO(7),
SO(8), F4, E6, E7 and E8.
If ordS(f, g,∆) ≥ (4, 6, 12) on a divisor S for the
generic fibration over Bd, then none of the elliptic fi-
brations over Bd can be crepantly resolved. Such a base
manifold Bd cannot support any elliptic Calabi-Yau man-
ifold, and it is not allowed in the landscape of F-theory
geometric solutions. For example, an elliptic fibration
over the Hirzebruch surface Fn ≡ P(O(0) + O(−n)) al-
ways has codimension-one (4,6) singularity on its rational
(−n)-curve for any n ≥ 13.
On the other hand, if ordS(f, g,∆) ≥ (4, 6, 12) on a
codimension-two locus C or ordP (f, g,∆) ≥ (8, 12, 24)
on a codimension-three locus P for the generic fibration
over Bd, then any elliptic fibration over Bd has the prop-
erty of being a non-flat fibration. We typically call these
locus codimension-two (4,6) or codimension-three (8,12)
locus. This type of the base manifold Bd is called a “re-
solvable base” if it can be blown up a finite number of
times and transformed into a “good base” without any
codimension-two (4,6,12) or codimension-three (8,12,24)
locus [7].
B. Ensemble of toric base threefolds
A complete classification of the geometric vacuum so-
lutions in 4D F-theory involves the following four steps:
1. Classify all the topologically distinct base three-
folds B3.
2. For each B, classify all the different elliptic fibra-
tions X4 over B3.
3. For each elliptic Calabi-Yau fourfold X4, classify
other discrete data such as the G4 flux [20–22].
4. Study more detailed physics such as the moduli sta-
bilization [23, 24], SUSY breaking and the mass of
massive particles.
Even at the first step, the set of base threefolds is huge
and there is no estimation on its total number. Nonethe-
less, the subset of the toric base threefolds has been ex-
plored in [6, 7, 25–27]. The relatively most complete
picture of the set of toric resolvable bases is achieved via
a Monte Carlo random blow up approach [7].
In the following discussion, we label the toric rays of a
toric threefold base B3 by v1, v2, · · · , vn, and their local
hypersurface equations by z1 = 0, z2 = 0, . . . , zn =
0. The holomorphic monomials mf (u) and mg(u) in the
4Weierstrass polynomials f and g correspond to the lattice
points in the Newton polytopes F and G:
F = {u ∈ Z3|∀vi , 〈u, vi〉 ≥ −4} , mf (u) =
n∏
i=1
z
〈u,vi〉+4
i ,
(6)
G = {u ∈ Z3|∀vi , 〈u, vi〉 ≥ −6} , mg(u) =
n∏
i=1
z
〈u,vi〉+6
i .
(7)
Then the orders of vanishing of f and g on a toric divisor
Di : zi = 0 are
ordDi(f) = min(〈u, vi〉+ 4)|u∈F ,
ordDi(g) = min(〈u, vi〉+ 6)|u∈G ,
(8)
and the order of vanishing of f and g on a toric curve
DiDj corresponding to a 2D cone vivj is
ordDiDj (f) = min(〈u, vi〉+ 〈u, vj〉+ 8)|u∈F ,
ordDiDj (g) = min(〈u, vi〉+ 〈u, vj〉+ 12)|u∈G .
(9)
The blow up of a toric curve DiDj corresponds to an
addition of a new ray vn+1 = vi + vj and a subdivision
of the 2D cone vivj , and the blow up of a toric point
DiDjDk corresponds to an addition of a new ray vn+1 =
vi + vj + vk and a subdivision of the 3D cone vivjvk.
Starting with the base a1 = P
3, we generate a random
blow up sequence s : a1 → a2 → · · · → aN , where each
step is a blow up of a toric curve or a point, and each
choice has the same probability. We require that all the
bases ai in the sequence are resolvable by making sure
that the origin (0, 0, 0) is in the interior of G [7]. During
this blow-up process, we record the number of possible
blow up choicesNup(ai) from a base ai and the number of
possible blow down choices Ndown(ai) to another smooth
resolvable base. Finally, we will hit an end point base aN
where Nup(aN ) = 0.
The total number of the toric resolvable bases with
each h1,1(B) can be roughly estimated by a dynamic
weight:
D(h1,1(B)) =
h1,1(B)−1∏
i=1
dk , dk =
Nup(ak)
Ndown(ak+1)
. (10)
For example, we plot the factors dk of a blow up sequence
s : a1 → a2 → · · · → aN in figure 1. Hence one can see
that the total number of the bases reaches the maximum
around the “turning point” where dk becomes less than
1 for the first time.
After generating 2,000 different random blow up se-
quences, we take the average D(h1,1(B)) to estimate the
total number of bases for each h1,1(B):
N(h1,1(B)) ≈ 〈D(h1,1(B))〉. (11)
As a result, we estimated that there are > 103,000 re-
solvable bases in [7]. The good bases, which have no
k
log
10
(d
k
)
FIG. 1: The factor dk =
Nup(ak)
Ndown(ak+1)
in terms of h1,1(B) = k.
codimension-2 (4,6) locus, are almost entirely concen-
trated at the end points with a total number of > 10250.
In the sampling of [7], it turns out that the non-Higgsable
gauge groups on the end point bases are always in the
form of
GnH = SU(2)
a ×Gb2 × F
c
4 × E
d
8 ×H, (12)
where H =SU(3), SO(8) for a small proportion of the
base. The reason is that the number of monomials |F|,
|G| are extremely small for a generic base threefold with
h1,1(B) & 100 generated in this random blow up se-
quence, see figure 4 of [7]. Typically, there is only one
monomial in |F|, and the order of vanishing of f on toric
divisors is always 4. Comparing with table I, one can
see that the only possible geometric gauge groups (not
only non-Higgsable gauge groups) under this condition
are SU(2), SU(3), G2, SO(8), F4, E6 and E8. The gauge
groups SU(2), G2, F4 and E8 are far more common, since
the other gauge groups require special reducibility condi-
tions on the monodromy cover polynomial. Additionally,
It is impossible to tune an SU(5) or SO(10) GUT gauge
group on any of these toric divisors, since the order of
vanishing of f is already at least 4.
C. A typical toric base threefold
To study the property of a typical resolvable base in
the sequence s : a1 → a2 → · · · → aN , we define the
turning point base Btp to be the base ai in the sequence
with the smallest i that satisfies
Nup(ai) ≤ Ndown(ai). (13)
From the discussions in section II B, we can see that Btp
represents the most common base at least in this single
sequence s. As an example, there is a turning point base
Btp with h
1,1(Btp) = 1385 and the non-Higgsable gauge
group
GnH = E
34
8 × F
82
4 ×G
192
2 × SU(2)
260. (14)
5All of the 34 E8 divisors on this Btp have codimension-
two (4,6) locus on them (or simply called (4,6) curve).
Denote a divisor with E8 by S : u = 0, and the toric
divisors intersecting S are Di(i = 1, . . . , n) : zi = 0, then
the local Weierstrass model near S can be expanded as:
y2 = x3 + f4u
4x+ g5u
5 +O(u6). (15)
We further rewrite g5 as
g5 = g˜5u
5
(
n∏
i=1
zaii
)
, (16)
where ai is the order of vanishing of g5 on divisor Di.
If ai > 0, then the P
1 curve u = zi = 0 is a (4,6) curve.
Besides that, if g˜5 is not a simple complex number, the
curve u = g˜5 = 0 is a (4,6) curve as well. To compute
the genus of the curve g˜5 = u = 0, notice that the hy-
persurface equation g˜5 = 0 corresponds to the divisor
class
D(g˜5) = −6KB − 5S −
n∑
i=1
aiDi. (17)
Then we can compute the genus g˜ of the curve u = g˜5 = 0
by the adjunction formula on Btp:
2g˜ − 2 = (KB + S +D(g˜5)) ·D(g˜5) · S. (18)
We classify the different types of (4,6) curves u = zi =
0 based on the gauge group on the divisor zi = 0. In our
case, there are five different types: E8 × ∅, E8×SU(2),
E8 ×G2, E8 × F4 and E8 × E8. The type of (4,6) curve
u = g˜5 = 0 is of E8 ×∅ type if g˜5 = 0 is irreducible. We
list the total number of (4,6) curves with each type and
g˜ for each divisor with E8 gauge group on Btp in table II.
As one can see, there can be 22 E8 × ∅ type, 13
E8×SU(2) type, 8 E8 × G2 type, 3 E8 × F4 type and
E8 × E8 type (4,6) curves on a single E8 gauge group!
Note that even for the last E8 gauge group in table II,
there is a E8 × ∅ type (4,6) curve on a rational curve
g˜5 = u = 0. If we want to embed the standard model
gauge group SU(3)×SU(2)× U(1) into a single E8 gauge
group, it is crucial to understand the physics of these
(4,6) curves.
D. The geometry with most flux vacua
Before the discussion of the physics of (4,6) curves,
we will briefly review the geometry of elliptic Calabi-Yau
fourfoldMmax with the largest number of flux vacua [8].
Since the total number of self-dual G4 flux on Mmax
has the order of 10227,000, which is overwhelmingly larger
than the total number of base geometries we have es-
timated earlier, one should expect that Mmax is the
most natural choice for an F-theory geometry if each flux
choice is given the identical weight.
E8 ×∅ E8×SU(2) E8 ×G2 E8 × F4 E8 ×E8 g˜
2 4 2 1 0 -
11 3 3 2 0 -
11 5 7 2 0 1
2 4 2 1 0 -
22 13 8 3 3 -
1 2 1 0 0 0
5 1 1 0 0 0
3 1 0 1 0 -
5 6 2 0 0 -
4 0 2 1 0 0
0 3 0 0 0 -
3 1 1 0 0 -
1 2 0 0 0 0
0 2 0 2 0 -
3 2 1 0 0 0
4 1 3 0 0 0
4 2 0 0 0 -
5 3 1 3 1 -
3 0 1 1 0 0
5 0 1 1 0 0
1 1 0 1 0 0
3 2 1 0 0 0
6 2 2 0 0 -
1 2 0 1 0 0
0 1 1 1 0 0
0 4 0 0 1 -
2 1 0 0 0 0
1 0 0 0 1 0
0 0 0 2 0 -
2 2 1 3 1 0
3 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
TABLE II: The number of (4,6) curves of each type on each E8
divisor. The genus g˜ of the curve g˜5 = u = 0 is also listed. The last
entry of each row is a “-” if the g˜5 is a non-zero complex number
which simply means that the curve g˜5 = u = 0 does not exist.
Mmax is a generic elliptic fibration over a toric three-
fold base Bmax. Bmax is itself a B2 bundle over P
1, where
B2 is a compact toric surface with toric cyclic represen-
tation (0,+6,−12//−11//−12//−12//−12//−12//−
12//− 12//− 12), where // denotes the sequence of ra-
tional curves with self-intersection numbers −1, −2, −2,
−3, −1, −5, −1, −3, −2, −2, −1 [28, 29]. The rays vi of
B2 are
v1 = (−1,−12)
v2 = (0, 1)
v3 = (1, 6)
...
v99 = (0,−1) .
(19)
The rays v4, . . . , v98 can be determined by the condition
vi−1 + vi+1 + (Ci · Ci)vi = 0, (20)
where Ci · Ci is the self-intersection of the curve Ci cor-
6responding to the 2D ray vi. The toric rays of Bmax are
then given by
w0 = (0, 0, 1)
wi = (vi, 0) , 1 ≤ i ≤ 99
w100 = (84, 492,−1) = (12v15,−1),
(21)
where C15 is the single curve in B2 of self-intersection
−11. The 3D cones of the fan for Bmax are
(w0, wi, wi+1) and (w100, wi, wi+1), including the cyclic
case (w0/w100, w99, w1). The topology of the divisors
D1, . . . , D99 are all that of Hirzebruch surfaces Fn with
various n, while the topology of D0 and D100 are the
same as B2. Especially, the divisor D15 has the topology
of F0 = P
1×P1. The toric divisor D15 of Bmax has an E8
gauge group with a (4,6) curve. Repeating the analysis
in section II C, we find that there is a single E8×∅ type
(4,6) curve with the topology of P1.
E. 6D origin of the world volume theory on (4,6)
curves
We are going to present a rough classification of the 4D
theory TΣ localized on a (4,6) curve Σ based on their local
Weierstrass form. For the complete intersection curve
Σ = D1
⋂
D2, we denote the local hypersurface equations
of D1 and D2 by u = 0 and v = 0 in the local coordinate
patch (u, v, w) on B3. The gauge groups on D1 and D2
are denoted as G1 and G2[63].
For a polynomial in variables (x1, . . . , xn):
f =
∑
m∈S
fm
n∏
i=1
x
am,i
i , (fm 6= 0), (22)
where S is the set of monomials in f , we define the notion
lowest order terms in (x1, . . . , xk) to be the subset SL ⊂
S of monomials:
SL = {m =
n∏
i=1
x
am,i
i ∈ S|∀m
′ =
n∏
i=1
x
am′,i
i ∈ S/{m} ,
∃m ≤ k, s. t. am′,i > am,i}
(23)
Then we separate the (4,6) curves into two classes de-
pending on the functional form of the discriminant locus
∆.
(1) Class I (4,6) curve: the the lowest order terms in
(u, v) of the discriminant polynomial ∆ = 4f3 + 27g2
does not depend on w.
For example, the following E6 × E6 model is a class I
(4,6) curve:
y2 = x3 + f3(w)u
3v3x+ u4v4, (24)
as the lowest order term in the discriminant polynomial
∆(u, v) is 27u8v8, which does not depend on w.
(2) Class II (4,6) curve: the lowest order terms in
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FIG. 2: In the left picture, we have a 4D F-theory geometry with
two stack of E6 branes intersecting each other at the complex curve
Σ. In the decoupling limit, the localized 4D theory TΣ becomes a
6D theory in R5,1, see the right picture. This 6D theory is exactly
the 6D (E6, E6) SCFT localized at the intersection point p of two
curves carrying E6 gauge groups.
(u, v) of the discriminant polynomial ∆ = 4f3 + 27g2
depends on w.
For example, the following F4 × F4 model is a class II
(4,6) curve:
y2 = x3 + f3(w)u
3v3x+ (1 + w)u4v4, (25)
as the lowest order term in the discriminant polynomial
in (u, v) variables is 27u8v8(1 + w)2.
To study the 4D localized theory TΣ, let us consider
the decoupling limit
Vol(D1) , Vol(D2) , Area(Σ)→∞. (26)
Since the divisorsD1 and D2 are non-compact, the gauge
symmetries G1 and G2 become flavor symmetries. As Σ
becomes non-compact, the 4D theory TΣ becomes a 6D
theory in R5,1, see figure 2 for a graphic representation.
Then for class I (4,6) curves, such as (24), the 6D the-
ory in the decoupling limit has E6×E6 global symmetry,
which is precisely the 6D (E6, E6) SCFT given by the
Weierstrass model[9, 30, 31]:
y2 = x3 + f3u
3v3x+ u4v4. (27)
Note that the f polynomial in the above Weierstrass
model is irrelevant, as it does not contribute to the low-
est order terms in ∆. Here u = 0 and v = 0 in (27)
corresponds to the curves C1 and C2 in figure 2.
On the other hand, for class II (4,6) curves, such as
(25), the 6D theory has a non-trivial axiodilaton profile
on the complex curve Σ, which breaks the 6D transla-
tional symmetry[64]. In this sense, the matter spectrum
for a class II (4,6) curve does not have a simple 6D SCFT
origin.
For more general G1 and G2, the 4D theory TΣ on a
class I (4,6) curve Σ is exactly the compactification of
a 6D (G1, G2) SCFT on Σ. After D1, D2 and Σ retain
finite size, TΣ couples to the gauge symmetry G1 and G2
again.
7For the cases in section II C and IID, such as
(G1, G2) = (E8,∅), the 4D theory TΣ is a rank-1 E-
string theory compactified on Σ if Σ is a class I (4,6)
curve. This is indeed the case for the (4,6) curve on the
last E8 in table II and also the (4,6) curve on Bmax. The
local Weierstrass model has the form of
y2 = x3 + f4u
4x+ g5u
5v (28)
near the curve Σ : u = v = 0. Note that the genus gΣ = 0
in both of these cases.
In the latter parts of this paper, we are mostly focusing
on this case where the 4D charged spectrum comes from
a 6D E-string theory compactified on P1. Of course, the
cases of other gauge groups (G1, G2) and the cases of class
II (4,6) curve are also extremely interesting to study, but
we are going to leave this to future work.
In order to compute the 4D particle spectrum localized
on the (4,6) curve Σ, we need to study the spectrum of
the E-string theory and its reduction on P1.
III. PARTICLE SPECTRUM FROM 6D
E-STRING THEORY
6D E-string theory is a strongly coupled (1,0) SCFT
whose fundamental object is the tensionless string. One
should then expect an infinite tower of massless fields
as the excitations of the tensionless string [5], although
there is no notion of asymptotic particle state in the the-
ory [32]. There have been early approaches to study the
particle spectrum of E-string theory using an M-theory
description, where M2 brane wrapping modes over 2-
cycles lead to the electrically charged states under E8
flavor symmetry [5, 33]. We will employ this philosophy
and examine the non-flat fibration of the resolved ellip-
tic Calabi-Yau threefold Xˆ3 in full details. Finally, we
will be able to construct a massless higher spin tower in
various representations of E8.
A. Resolution of a non-flat Weierstrass model
In this section, we only consider the singular Weier-
strass model X3 over a 2D toric base B2:
y2 = x3 + fxz4 + gz6, (29)
where (x : y : z) are homogeneous coordinates of the
weighted projective space P2,3,1.
Our general analysis of the resolution of a singular
Weierstrass model X3 involves the following steps:
1. Constructing a 4D toric ambient space T which is
a P2,3,1 bundle over B2. Denote the toric rays of
B2 by v1, v2, . . . , vn, and the set of 2D cones in B2
by S2. For the case of a generic elliptic fibration
X3 over B2, the 4D rays of T are simply given by:
v˜i = (vi,−2,−3) , (i = 1, . . . , n)
v˜n+1 = (0, 0, 1, 0) , v˜n+2 = (0, 0, 0, 1) ,
v˜n+3 = (0, 0,−2,−3)
(30)
The set of 4D cones is given by:
S4 =
⋃
vivj∈S2
{v˜iv˜j v˜n+1v˜n+2 , v˜iv˜j v˜n+1v˜n+3 ,
v˜iv˜j v˜n+2v˜n+3}.
(31)
The Weierstrass model X3 is then an anti-canonical
hypersurface of T :
X3 = −KT . (32)
Note that v˜n+1, v˜n+2 and v˜n+3 corresponds to the
hypersurface equations x = 0, y = 0 and z = 0 in
(29) respectively.
2. Resolving the singular Weierstrass model by blow-
ing up toric subvarieties of the ambient space T .
We denote a blow up of the intersection locus
of k divisors x1 = x2 = · · · = xk = 0 by
(x1, x2, . . . , xk; ξ), where ξ = 0 is the exceptional
divisor Eˆ of this blow up [34]. The Weierstrass
form (29) is transformed by replacing xi → xiξ,
and then remove a common factor ξm from the
equation. The condition of crepant resolution is
then equivalent to
k = m+ 1. (33)
The reason is that the anti-canonical line bundle of
the 4D toric ambient space T ′ is
−KT ′ = −KT − (k − 1)Eˆ (34)
after the blow up. On the other hand, the equation
(29) is transformed to a section of −KT −mEˆ after
the common factor ξm is removed. The Calabi-
Yau condition then requires that the transformed
equation is also a section of the new anti-canonical
bundle −KT ′ . Hence we can derive k = m+1 from
the equation
−KT ′ = −KT −mEˆ. (35)
For example, the resolution (x, y, u; ξ) of the fol-
lowing singular Weierstrass model
y2 = x3 + ux+ u2 (36)
is crepant.
3. After the resolution process is done, we get the
resolved Calabi-Yau threefold Xˆ3 as the anti-
canonical hypersurface of the 4D ambient space
8Tres. We can study the geometry of Xˆ3 by com-
puting the triple intersection numbers of divisors.
Denote the toric divisors in the 4D ambient toric
variety Tres by Dˆi, and the corresponding divisor
in the Calabi-Yau hypersurface Xˆ by Di, then the
triple intersection number of Di are:
Di ·Dj ·Dk = −K(Tres) · Dˆi · Dˆj · Dˆk. (37)
Here
−K(Tres) =
∑
Dˆi (38)
is the anticanonical divisor of Tres, and the inter-
section numbers of four toric divisors on Tres can be
computed by linear equivalence relations, see Ap-
pendix A.
To study the higher spin tower of the E-string the-
ory, we choose a generic elliptic fibration over the Hirze-
bruch surface F11. F11 has a toric cyclic representation
(0,−11, 0, 11) and the following 2D toric rays:
v1 = (1, 0) , v2 = (0,−1) , v3 = (−1,−11) , v4 = (0, 1).
(39)
We can then construct the 4D toric ambient space with
rays
v˜1 = (1, 0,−2,−3) , v˜2 = (0,−1,−2,−3) ,
v˜3 = (−1,−11,−2,−3) , v˜4 = (0, 1,−2,−3) ,
v˜5 = (0, 0, 1, 0) , v˜6 = (0, 0, 0, 1) , v˜7 = (0, 0,−2,−3)
(40)
as discussed earlier.
Denote the local equations of v1 and v2 on the base F11
by v = 0 and u = 0 respectively, the singular Weierstrass
model X3 can be written as:
y2 =x3 + f4(v)u
4x4 + (g5,0 + g5,1v)u
5z6
+ (higher order terms).
(41)
One can see that there is a (4,6) point at u = g5,0 +
g5,1v = 0.
The resolution process of an E8 Weierstrass model
y2 = x3 + b4u
4x+ b6u
5 (42)
was studied in [34]. We list the sequence of blow ups
and the 4D rays corresponding to each of the exceptional
divisors in table III. For completeness, we also list all
the 4D rays and cones of the 4D toric ambient space
Tres in appendix B. After this sequence of blow ups, the
Weierstrass model (42) is transformed into
δ1δ2ǫ4ǫ7y
2 = ζ1ζ2ǫ1ǫ5(δ2ζ2ǫ
2
3ǫ8x
3 + u4ζ21δ
2
1ǫ1ǫ
4
2ǫ4ǫ
2
6ǫ9
(b4xζ2δ2ǫ1ǫ
2
3ǫ4ǫ
2
5ǫ
2
6ǫ
2
7ǫ
3
8ǫ
3
9ǫ
4
10 + b6u)).
(43)
The blow up The 4D toric ray
(x, y, u; ζ1) (0,−1,−1,−2)
(x, y, ζ1; ζ2) (0,−1, 0,−1)
(y, ζ1; δ1) (0,−1,−1,−1)
(y, ζ2; δ2) (0,−1, 0, 0)
(ζ2, δ1; ǫ1) (0,−2,−1,−2)
(ζ1, δ1; ǫ2) (0,−2,−2,−3)
(ζ2, δ2; ǫ3) (0,−2, 0,−1)
(δ1, δ2; ǫ4) (0,−2,−1,−1)
(δ2, ǫ1; ǫ5) (0,−3,−1,−2)
(ǫ1, ǫ4; ǫ6) (0,−4,−2,−3)
(δ2, ǫ4; ǫ7) (0,−3,−1,−1)
(δ2, ǫ5; ǫ8) (0,−4,−1,−2)
(ǫ4, ǫ5; ǫ9) (0,−5,−2,−3)
(ǫ5, ǫ7; ǫ10) (0,−6,−2,−3)
TABLE III: The full blow up sequence that resolves an E8
singular Weierstrass model and the correspondence with the
4D rays in the toric ambient space Tres.
The following irreducible exceptional divisors corre-
spond to the eight Dynkin nodes of E8:
{ǫ2 = 0 , δ1 = 0 , ǫ6 = 0 , ǫ9 = 0 ,
ǫ10 = 0 , ǫ8 = 0 , ǫ3 = 0 , ǫ7 = 0}.
(44)
We rename them to E1, E2, . . . , E8, and their intersec-
tion relations can be computed by inspecting the topol-
ogy of the vertical divisor v = 0, which is labeled as D1
with 4D toric ray (1, 0,−2,−3). The non-vanishing triple
intersection numbers involving D1 are
D1 ·D5 ·D6 = 7 , D1 ·D4 ·D5 = 2 , D1 ·D5 ·E7 = 1 ,
D1 ·D4 ·D6 = 3 , D1 ·D6 ·E8 = 1 , D1 ·D4 ·D7 = 1 ,
D1 ·D2 ·D7 = 1 , D1 ·D2 ·E1 = 1 , D1 ·E1 · E2 = 1 ,
D1 · E2 ·E3 = 1 , D1 ·E3 · E4 = 1 , D1 · E4 ·E5 = 1 ,
D1 · E5 ·E6 = 1 , D1 ·E5 · E8 = 1 , D1 · E7 ·E8 = 1 ,
D1D
2
5 = 4 , D1D
2
6 = 10 ,
D1D
2
7 = D1D
2
2 = D1E
2
i = −2 (i = 1, . . . , 8).
(45)
From the intersection number of the vertical divisor
D1 with the exceptional divisors Ei, we see that the ex-
ceptional divisors form an affine Dynkin diagram of E8
in figure 3. Since we have D1E
2
i = −2, D
2
1Ei = 0, we can
easily check that the exceptional curve D1 ·Ei is indeed a
rational curve by the adjunction formula on a Calabi-Yau
threefold and Riemann-Roch theorem:
2g(D1 · Ei)− 2 = D1E
2
i +D
2
1Ei = −2. (46)
Besides these exceptional divisors E1, . . . , E8, there is
also a non-flat fiber component on Xˆ3. It corresponds
to the equation δ2 = 0 and the 2D toric ray (0,−1, 0, 0),
and we denote it by Snf . As one can see in equation (43),
the equation
δ2 = b6 = 0 (47)
91
E
1
E
2
E
3
E
4 E5 E6 E7
E
8
D
2
u
FIG. 3: The intersection relation of curves on the vertical divisor
D1. Each node denotes a curve which is the intersection of D1 with
the corresponding divisor D. These curves then form an affine E8
Dynkin diagramon D1. The exceptional divisors are labelled by
E1, E2, . . . , E8.
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FIG. 4: The intersection of curves on the non-flat fiber Snf . Each
node denotes a rational curve which is the intersection of Snf with
the corresponding divisor D. The number on a node corresponds
to the triple intersection number Snf ·D
2, and the edges between
nodes correspond to an intersection point.
describes a complex surface localized over the (4,6) point
on the base.
The non-vanishing triple intersection numbers involv-
ing Snf are
Snf ·D5 ·D6 = 1 , Snf ·D5 ·E7 = 1 , Snf ·D6 ·E8 = 1 ,
Snf · E7 ·E6 = 1 , Snf ·E8 · E6 = 1 , S
2
nfD5 = −2 ,
S2nfD6 = −3 , S
2
nfE6 = S
2
nfE8 = −1 , SnfD
2
6 = 1 ,
SnfE
2
7 = −2 , SnfE
2
8 = −1 , SnfE
2
6 = −1 , S
3
nf = 7.
(48)
We plot the intersection relations of the curves on Snf
in Figure 4. Using the adjunction formula on Xˆ3, we can
indeed check that the curves Snf ·D5, Snf ·D6, Snf ·E6,
Snf · E7 and Snf · E8 are all rational. We can hence
see that the non-flat fiber D(δ2) has the topology of a
generalized del Pezzo surface gdP2 with toric cyclic rep-
resentation (1,−1,−1,−2, 0). As a crosscheck, note that
for any rational surface D in an arbitrary complex three-
fold X , we have the relation
h1,1(D) = 10−K2D
= 10−D · (KX +D)
2.
(49)
For the case of a Calabi-Yau threefold X with KX = 0,
we have
h1,1(D) = 10−D3. (50)
non-flat fiber
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FIG. 5: The intersection of the non-flat fiber with the exceptional
divisors of E8.
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FIG. 6: Toric diagram of generalized del Pezzo surface gdP2.
Since the self-triple intersection number of Snf is S
3
nf =
7, we have indeed confirmed that Snf is a rational sur-
face with h1,1(Snf ) = 3[65]. Along with the intersection
structure of rational curves on Snf , we have proved that
Snf indeed has the topology of a gdP2.
We also plot the intersection structure of the non-flat
fiber with the exceptional divisors of E8 in Figure 5.
We plot the toric diagram of gdP2 in Figure 6, where we
have identified C1 = Snf ·E8, C2 = Snf ·E6, C3 = Snf ·E7,
C4 = Snf · D5 and C5 = Snf · D6. The three negative
rational curves C1, C2 and C3 generates the Mori cone
of gdP2.
Since the divisor Snf does not intersect with the hor-
izontal divisor D7 or vertical divisors D1, D3 at all, one
can again see that Snf is entirely in the fiber direction.
Before we continue to the discussion of M2 brane spec-
trum in the M-theory picture, we proceed to check the
topology of other important divisors D ⊂ Xˆ3 using the
same methodology.
For the horizontal divisor D7, the non-vanishing triple
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FIG. 7: The intersection of curves on the exceptional divisors
E6 and E8, which both have the topology of a toric surface
(2,−1,−1,−3, 0) with h1,1 = 3.
intersection numbers are
D7 ·D1 ·D2 = D7 ·D2 ·D3 = D7 ·D3 ·D4
= D7 ·D4 ·D1 = 1
D7 ·D
2
1 = D7 ·D
2
3 = 0 , D7 ·D
2
2 = −11 , D7 ·D
2
4 = 11
D27 ·D1 = D
2
7 ·D3 = −2 , D
2
7 ·D
2
2 = 9 , D
2
7 ·D4 = −13 ,
D37 = 8.
(51)
From these numbers, one can see that D7 indeed has the
topology of the Hirzebruch surface F11 with h
1,1(D7) = 2.
Hence our resolved Calabi-Yau threefold Xˆ3 is indeed an
elliptic fibration over the original base F11.
For the exceptional divisors E1, . . . , E8, it turns out
that E1, E2, E3, E4, E5 and E7 are all Hirzebruch sur-
faces with topology of F7, F5, F3, F1, F1 and F4 respec-
tively. The 0-curve on these Hirzebruch surfaces are pre-
cisely the intersection of Ei with the vertical divisors D1
and D3, which are the exceptional P
1 curves giving rise
to gauge bosons.
The exceptional divisor E6 and E8 all have the topol-
ogy of a toric surface (2,−1,−1,−3, 0) with h1,1 = 3, see
Figure 7 for the intersection relations of rational curves.
The 0-curve on E6 and E8 represents the exceptional P
1
curve as well.
B. E-string spectrum from M2 brane wrapping
modes
Now we are ready to consider the M2 brane wrapping
mode on a complex curve Σ ⊂ Snf . We will apply the
methodology of [35, 36] on our example.
The 8 real supercharges in the 5D N = 1 supergravity
are under the representation of 2 · (1/2, 0)⊕ 2 · (0, 1/2) of
the 5D massive little group SO(4) ≃ SU(2)L × SU(2)R.
After the M2 brane is included, the supercharges 2 ·
(0, 1/2) are broken, and we get 4 fermionic zero modes
after we act them on the ground state:
H0 = 2(0, 0)⊕ (0, 1/2). (52)
Besides that, we also need to consider the moduli space
MΣ of the curve Σ. The four unbroken supercharges
2 · (1/2, 0) exactly correspond to the four differential op-
erators ∂, ∂¯, ∂∗ and ∂¯∗ on the Kahler manifold MΣ.
Hence the BPS states exactly correspond to the harmonic
forms onMΣ. We then naturally identify SU(2)L as the
Lefschetz decomposition SU(2) acting on the cohomology
groups ofMΣ. Especially, the SU(2)L generator J3 acts
on a differential form |ψ〉 as
J3|ψ〉 =
(p+ q − dimCMΣ)
2
|ψ〉 , |ψ〉 ∈ Hp,q(MΣ).
(53)
Hence the classes of the harmonic forms ωp,q and
ωN−p,N−q onMΣ together give rise to a particle state in
the representation (|n|/2, 0) under the little group SO(4),
where n = p+q−dimCMΣ, N = dimCMΣ and p+q 6= N .
When p + q = N , the harmonic form ωp,q gives rise to
a real scalar field in the representation (0, 0). In order
to avoid double counting the state, we should always re-
strict to the upper half the Hodge diamond ofMΣ, i. e.,
p+ q ≤ N . Tensor together with the half-hypermultiplet
H0, the resulting particle spectrum contains the states in
the representation:
[2(0, 0)⊕
(
0,
1
2
)
]⊗ [
∑
p+q≤N
hp,q ·
(
|n|
2
, 0
)
]
=
∑
p+q≤N
2hp,q ·
(
|n|
2
, 0
)
⊕ hp,q ·
(
|n|
2
,
1
2
)
.
(54)
Now we need to compute the Hodge numbers hp,q of
MΣ. We consider a complex curve Σ in the form of a
complete intersection of two divisors Da and Db of the
Calabi-Yau threefold: Σ = Da ·Db. We define Σa ⊂ Da
and Σb ⊂ Db to be the effective divisors corresponding
to Σ on Da and Db respectively. Then the moduli space
MΣ of the curve Σ is a product of the linear system |Σa|
on Σa and |Σb| on Σb:
MΣ = P
dim(|Σa|) × Pdim(|Σb|)
= Ph
0(Σa,Da)−1 × Ph
0(Σb,Db)−1.
(55)
The dimension of the linear system Σa on Da can be
computed by
dim(|Σa|) = h
0(Σa, Da)− 1
= max
(
Σa · Σa −Ka · Σa
2
, 0
)
= max(Σa · Σa − gΣ, 0),
(56)
whereKa is the canonical divisor of Da and we have used
the Riemann-Roch formula on Da. Similarly, we have
dim(|Σb|) = h
0(Σb, Db)− 1
= max
(
Σb · Σb −Kb · Σb
2
, 0
)
= max(Σb · Σb − gΣ, 0).
(57)
11
Using the adjunction formula on the Calabi-Yau threefold
Xˆ3, we have:
Σa · Σa +Σb · Σb = Da ·Db · (Da +Db)
= 2gΣ − 2.
(58)
Hence we can see that it is impossible to have
dim(|Σa|) > 0 and dim(|Σb|) > 0 at the same time. In
other words, the moduli space MΣ always only has one
component PN with Hodge numbers
hp,q = δp,q (0 ≤ p, q ≤ N) (59)
Therefore, for fixed N = dimC(MΣ), all the states to-
gether give rise to the following 5D massive supermulti-
plet:
RN =
(
N
2
,
1
2
)
⊕ 2
(
N
2
, 0
)
. (60)
After going to the F-theory limit, the above massive
supermultiplet becomes a massless supermultiplet in
6D transforming under the same little group SO(4) ≃
SU(2)L × SU(2)R of the 6D massless particles.
Apart from the representation of Lorentz group, we
also need to compute the representation of an M2 brane
wrapping mode under the E8 gauge group. For a sin-
gle M2 brane wrapping Σ, its electric charge under each
Cartan subgroup U(1)i ⊂ E8 is given by the intersection
number:
qi = Σ · Ei. (61)
Hence this M2 brane wrapping mode is associated to an
E8 weight vector
~w(Σ) = (q1, q2, . . . , q8) (62)
in a representation R of E8. The other states in the rep-
resentation R are given by M2 brane wrapping modes on
the union of Σ and other exceptional P1s (possibly wraps
an extra P1 multiple times.). The labeling of Dynkin
nodes can be found in figure 3 or figure 8. We also list a
number of facts about the E8 Lie algebra in appendix C.
Now we are going to list the curve classes on Snf with
the lowest dimensional moduli spaces dimC(MΣ), which
corresponds to 6D massless multiplets with the lowest
spins. We denote the local equation of the toric curve
Ci ⊂ Snf by ui = 0.
1. R0 = (0, 1/2) + 2(0, 0), dimC(MΣ) = 0: Σ = C1,
C2
The only curves on Snf with dimC(MΣ) = 0 are
the rational (-1)-curves C1 and C2. Their non-zero
intersection numbers with the exceptional divisors
are:
C1 ·E8 = −1 , C1 ·E6 = 1 , C2 · E8 = 1 ,
C2 ·E6 = −1 , C2 ·E7 = 1.
(63)
Hence the weight vectors corresponding to C1 and
C2 are
~w(C1) = (0, 0, 0, 0, 0, 1, 0,−1) ,
~w(C2) = (0, 0, 0, 0, 0,−1, 1, 1),
(64)
which are both in the adjoint representation 248 of
E8.
This suggests the appearance of a 6D hypermulti-
plet R0 in the representation 248, which is consis-
tent with the results in [33].
2. R1 = (1/2, 1/2) + 2(1/2, 0), dimC(MΣ) = 1: Σ =
C3, C1 + C2
The curve classes with dimC(MΣ) = 1 include the
rational curves with self-intersection (-2) or 0. The
only (-2)-curve on Snf is the curve C3, which is it-
self an elliptic P1. Hence M2 brane wrapping mode
on C3 merely corresponds to a W-boson of the E8
gauge group, which is not anything new in the E-
string spectrum.
The only other irreducible curve class with
dimC(MΣ) = 1 is Σ = C1 + C2. The equation
of a generic curve in the divisor class C1 + C2 is
u1u2 + au4 = 0, (65)
where a is a non-zero complex number. Note that
C1 + C2 is equivalent to C4 in Figure 6. The only
non-zero intersection between the curve C4 and the
exceptional divisors in Figure 5 is
C4 ·E7 = 1, (66)
hence the state from M2 brane wrapping C4 gives
rise to the highest weight state (0, 0, 0, 0, 0, 0, 1, 0)
of the representation 3875 of E8. Along with other
states from M2 brane wrapping unions of C4 and
the exceptional P1s, we will get a 6D vector multi-
plet R1 in the representation 3875 of E8.
3. R2 = (1, 1/2) + 2(1, 0) Rarita-Schwinger multiplet
dimC(MΣ) = 2: Σ = C1 + 2C2 + C3
The only irreducible curve class with dimC(MΣ) =
2 is C1+2C2+C3, which is equivalent to the curve
C5 in figure 6. The equation of a generic curve in
C1 + 2C2 + C3 is
u1u
2
2u3 + au2u3u4 + bu5 = 0 (67)
The only non-zero intersection between the curve
C5 and the exceptional divisors in figure 5 is
C4 ·E8 = 1. (68)
The M2 brane wrapping mode on C5 is the high-
est weight state (0, 0, 0, 0, 0, 0, 0, 1) of the repre-
sentation 147250. We hence have a 6D Rarita-
Schwinger multiplet R2 in the representation
147250 of E8.
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4. R3 = (3/2, 1/2) + 2(3/2, 0), dimC(MΣ) = 3: Σ =
2C1 + 2C2 + C3
The only irreducible curve class with dimC(MΣ) =
3 is 2C1+2C2+C3. The equation of a generic curve
in 2C1 + 2C2 + C3 is
u21u
2
2u3 + au1u2u3u4 + bu3u
2
4 + cu1u5 = 0 (69)
The only non-zero intersections between the curve
2C1+2C2+C3 and the exceptional divisors in fig-
ure 5 is
(2C1 + 2C2 + C3) ·E6 = 1. (70)
The M2 brane wrapping mode on 2C1+2C2+C3 is
the highest weight state (0, 0, 0, 0, 0, 1, 0, 0) of E8.
We then have a 6D multiplet R3 with little group
representation (3/2, 1/2) ⊕ 2(3/2, 0) in the repre-
sentation 6696000 of E8.
Hence we have obtained a massless higher spin tower
in the E-string theory, where the larger E8 representation
corresponds to field with larger spin. The interpretation
of these fields as particle states in the language of super-
conformal field theory is not clear, since E-string theory
is strongly coupled [32]. We will return to this problem
in section V.
IV. 4D SPECTRUM OF COMPACTIFIED
E-STRING THEORY
In this section, we consider a 4D F-theory scenario of
an E8 gauge group on a divisor S ⊂ B3 with a class I
(4,6) curve Σ ⊂ S of E8 ×∅ type. The localized matter
on Σ in the 4D F-theory is precisely the compactification
of the 6D rank-1 E-string theory on a complex curve Σ.
If we simply take the Σ = T 2 without the inclusion of
any gauge flux, the 4D IR fixed point is the rank-1 E8
Minahan-Nemeschansky theory [37, 38]. Recently, the
BPS spectrum of the rank-1 E8 MN theory was obtained
by a different geometric approach, using the worldvol-
ume theory of a D3 brane probe [39]. Nonetheless, the
spectrum of M2 brane wrapping states on rational curves
completely agree with our result in the previous section.
More generally, we can consider the compactification of
6D spectrum on a general Riemann surface Σ with genus
g, in presence of gauge flux supported on Σ. The E8
gauge symmetry (equivalently the E8 flavor symmetry
of E-string theory) will be broken to a subgroup H ×
U(1)r ⊂ E8. For a 6D field in representation R(E8), the
reduced 4D spectrum are labelled by the representations
Rq in the branching rule of R(E8) : E8 → H × U(1)
r,
where R is a representation of H and
q = (q1, q2, . . . , qr) (71)
is the charge vector under U(1)r.
The flux breaking of the gauge group in F-theory has
been studied in [12, 40–42]. In our case, we consider a
vertical G4 flux in the M-theory picture:
G4 =
r∑
i=1
Fi ∧ ωi, (72)
where Fi is a (1,1)-form on S and ωi is the (1,1)-form
Poincare´ dual to the exceptional divisor Ei. The Poincare´
dual of Fi on S corresponds to a line bundle Li ∈ Pic(S),
which is refered as the bulk gauge bundle associated to
the hypercharge U(1)i.
We denote the “bulk” line bundle corresponds to a
representation Rq by
Lq =
r∑
i=1
qiLi, (73)
and its restriction to Σ by
LΣ(q) = O(
r∑
i=1
qiLi · Σ). (74)
When Σ is not a torus, in order to preserve N = 1
SUSY in 4D, the 6D theory must be twisted since there
is no covariantly constant spinor on a Riemann surface
Σ with g 6= 1. The twist is given by [12]:
Jtop = J −
1
2
R (75)
where J is the charge of the field under the structure
group U(1) of Σ and R is the charge under the diagonal
U(1)R of the SU(2)R R-symmetry. To study the reduc-
tion of the 6D multiplets Rn in (60) to 4D fields under
the twisting, we need to study the branching rules of
SO(1, 5)× SU(2)R → SO(1, 3)× U(1)J × U(1)R
≃ SU(2)1 × SU(2)2 × U(1)J × U(1)R.
(76)
Then for each field component, we can compute its Jtop
which determines its multiplicity along with the gauge
bundle (74). For the cases of Jtop ≤ 0, we have a field
component
φ ∈ H0∂¯(K
−Jtop
Σ ⊗ LΣ(q),Σ). (77)
While for the cases of Jtop ≥ 0, we have
φ¯ ∈ H0∂(K
Jtop
Σ ⊗ LΣ(q)
∗,Σ)
∼= H0∂¯(K
Jtop
Σ ⊗ LΣ(q)
∗,Σ).
(78)
Note that we have used the fact the complex conjugate E¯
of a vector bundle is isomorphic to its dual bundle E∗. In
absence of the gauge bundle LΣ(q), two field components
with the same |Jtop| always share the same multiplicity
which can be seen via comparing (77) and (78).
Now we are going to analyze the reduction of 6D rep-
resentations Rn (60) with small n in detail.
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1. 6D hypermultiplet 2R0 = 2(0, 1/2)⊕ 4(0, 0)[66].
This case was already discussed in [12]. In the
Lorentz group representation, the fermionic part
is the anti-chiral spinor 4′, while the bosonic part
contains two complex scalars in the trivial repre-
sentation 1 under the Lorentz group. The SU(2)R
representations of the fermionic and bosonic parts
are 1 and 2 respectively. The branching rules under
(76) are
(4′,1)→ (2,1,−
1
2
, 0) + (1,2,
1
2
, 0), (79)
(1,2)→ (1,1, 0, 1) + (1,1, 0,−1) (80)
After the twisting, the 4D states under SO(1, 3)Jtop
are
(2,1)−1/2 + (1,2)1/2 + (1,1)−1/2 + (1,1)1/2. (81)
We then write down the field components in repre-
sentation Rq of H :
(2,1)−1/2 : ψα(Rq) ∈ H
0
∂¯(K
1/2
Σ ⊗ LΣ(q),Σ)
(1,2)1/2 : ψ¯α˙(Rq) ∈ H
0
∂¯
(K
1/2
Σ ⊗ LΣ(q)
∗,Σ)
(1,1)−1/2 : φ(Rq) ∈ H
0
∂¯(K
1/2
Σ ⊗ LΣ(q),Σ)
(1,1)1/2 : φ¯(Rq) ∈ H
0
∂¯
(K
1/2
Σ ⊗ LΣ(q)
∗,Σ).
(82)
We can hence see that there are h0(K
1/2
Σ ⊗LΣ(q),Σ)
copies of chiral multiplets and h0(K
1/2
Σ ⊗LΣ(q)
∗,Σ)
copies of anti-chiral multiplets in representationRq.
We can also write down the field components in the
conjugate representation R¯−q of H :
(2,1)−1/2 : ψ
c
α(R¯−q) ∈ H
0
∂¯(K
1/2
Σ ⊗ LΣ(q)
∗,Σ)
(1,2)1/2 : ψ¯
c
α˙(R¯−q) ∈ H
0
∂¯
(K
1/2
Σ ⊗ LΣ(q),Σ)
(1,1)−1/2 : φ
c(R¯−q) ∈ H
0
∂¯(K
1/2
Σ ⊗ LΣ(q)
∗,Σ)
(1,1)1/2 : φ¯
c(R¯−q) ∈ H0∂¯(K
1/2
Σ ⊗ LΣ(q),Σ).
(83)
Note that we have used LΣ(−q) = LΣ(q)∗. Com-
paring (82) with (83), we can see that the fermionic
fields form CPT conjugates: (ψα(Rq), ψ¯
c
α˙(R¯−q),
(ψ¯α˙(Rq), ψ
c
α(R¯−q)). Hence we can also interpret
the resulting spectrum as h0(K
1/2
Σ ⊗ LΣ(q),Σ)
copies of chiral multiplets in representation Rq and
h0(K
1/2
Σ ⊗ LΣ(q)
∗,Σ) copies of chiral multiplets in
representation R¯−q. In either way, the net chiral
generations of representation Rq is
χ(Rq) = h
0(K
1/2
Σ ⊗ LΣ(q),Σ)− h
0(K
1/2
Σ ⊗ LΣ(q)
∗,Σ)
= h0(K
1/2
Σ ⊗ LΣ(q),Σ)− h
1(K
1/2
Σ ⊗ LΣ(q),Σ)
= χ(K
1/2
Σ ⊗ LΣ(q),Σ),
(84)
where we have used Serre´ duality
h0(L) = h1(K − L). (85)
2. 6D vector multiplet R1 = (1/2, 1/2)⊕ 2(1/2, 0)
The 6D particle contents of R1 is a massless vector
in 6 representation of SO(5,1) and a chiral spinor in
4 representation. The vector part has no R-charge,
and the branching rule of the 6D vector under (76)
is
(6,1)→ (2,2, 0, 0) + (1,1, 1, 0) + (1,1,−1, 0). (86)
For the fermionic part, we take two 6DWeyl spinors
χ1, χ2 in the (4,2) representation of SO(5, 1) ×
SU(2)R. They satisfy the symplectic Majorana
conditions:
χ1 = (χ2)C
χ2 = −(χ1)C .
(87)
The branching rule of (4,2) after the dimensional
reduction is
(4,2)→(2,1,
1
2
, 1) + (1,2,−
1
2
, 1)
+ (2,1,
1
2
,−1) + (1,2,−
1
2
,−1).
(88)
After the topological twist, the 4D bosonic spec-
trum is
(2,2)0 + (1,1)1 + (1,1)−1, (89)
while the fermionic parts are
(2,1)0 + (1,2)−1 + (2,1)1 + (1,2)0. (90)
The bosonic field components in representation Rq
and R¯−q of H are:
(2,2)0 :Aµ(Rq) ∈ H
0
∂¯(LΣ(q),Σ)
Acµ(R¯−q) ∈ H
0
∂¯(LΣ(q)
∗,Σ)
(1,1)−1 :φ
1(Rq) ∈ H
0
∂¯(KΣ ⊗ LΣ(q),Σ)
φ1,c(R¯−q) ∈ H
0
∂¯(KΣ ⊗ LΣ(q)
∗,Σ)
(1,1)1 :φ
2(Rq) ∈ H0∂¯(KΣ ⊗ LΣ(q)
∗,Σ)
φ2,c(R¯−q) ∈ H0∂¯(KΣ ⊗ LΣ(q),Σ),
(91)
while the fermionic fields are
(2,1)0 :η
1(Rq) ∈ H
0
∂¯(LΣ(q),Σ)
η1,c(R¯−q) ∈ H
0
∂¯(LΣ(q)
∗,Σ)
(1,2)−1 :ψ¯
1(Rq) ∈ H
0
∂¯(KΣ ⊗ LΣ(q),Σ)
ψ¯1,c(R¯−q) ∈ H
0
∂¯(KΣ ⊗ LΣ(q)
∗,Σ).
(2,1)1 :ψ
2(Rq) ∈ H0∂¯(KΣ ⊗ LΣ(q)
∗)
ψ2,c(R¯−q) ∈ H0∂¯(KΣ ⊗ LΣ(q))
(1,2)0 :η¯
2(Rq) ∈ H0∂¯(LΣ(q)
∗,Σ)
η¯2,c(R¯−q) ∈ H0∂¯(LΣ(q),Σ)
(92)
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Note that the cohomology groups of (2,1)0 and
(1,2)0 are different. Now the fermionic spec-
trum (92) is apparently CPT invariant. We
thus have the following 4D N = 1 supermul-
tiplets: h0(LΣ(q),Σ) copies of vector multiplet
(Aµ(Rq), η(Rq)), h
0(LΣ(q)
∗,Σ) copies of vector
multiplet (Acµ(R¯−q), η
c(R¯−q)), h
0(KΣ⊗LΣ(q)∗,Σ)
copies of anti-chiral multiplet (ψ1(Rq), φ
1(Rq)) and
h0(KΣ ⊗ LΣ(q),Σ) copies of anti-chiral multiplet
(ψ1,c(R¯−q), φ
1,c(R¯−q)).
The net number of chiral generations in represen-
tation Rq from the vector multiplets is then
χv(Rq) = h
0(LΣ(q),Σ)− h
0(LΣ(q)
∗,Σ), (93)
while the net number of chiral generations in rep-
resentation Rq from the chiral multiplets is
χc(Rq) =− h
0(KΣ ⊗ LΣ(q),Σ)
+ h0(KΣ ⊗ LΣ(q)
∗,Σ).
(94)
In total, we have
χ(Rq) =h
0(LΣ(q),Σ)− h
0(LΣ(q)
∗,Σ)
− h0(KΣ ⊗ LΣ(q),Σ)
+ h0(KΣ ⊗ LΣ(q)
∗,Σ).
(95)
Finally, we need to impose the conditions (87) on
the 4D spinors, which is non-trivial to write down
with the twists. Effectively, the net degree of free-
dom and chirality will be reduced to one half of
that in (95).
Note that (93,94) cannot be written as the Euler
characteristic of a line bundle. Nonetheless, if Σ =
P
1, the dimension of Dolbeault cohomology group
dim(H0∂¯(KΣ ⊗ LΣ(q),Σ))
= h0(KΣ ⊗ LΣ(q),Σ)
(96)
is always a topological invariant. The reason is that
P
1 and any line bundles on P1 do not have any
complex structure.
Note that the 4D complex vector fields have dif-
ferent multiplicities under representation Rq and
R¯−q. Since Aµ(Rq) and A
c
µ(R¯−q) are not in the
adjoint representation of a Lie group, the counting
of on-shell degree of freedom is incorrect if these 4D
vector fields are massless. If there is no gauge sym-
metry associated to these vector fields, the number
of on-shell d.o.f. will be 3 instead of 2.
For this reason, we speculate that the a mass mA
should be generated for these 4D vector fields in
presence of the gauge flux. The detail of this phys-
ical mechanism is unknown at this point, and we
will leave it to future research.
3. 6D Rarita-Schwinger multiplet R2 = (1, 1/2) ⊕
2(1, 0)
For higher spin fields, the group decomposition un-
der (76) is more and more complicated. We will
only consider the example of a Rarita-Schwinger
multiplet, where the fermionic and bosonic com-
ponents are under 20 and 15 representation of
SO(5,1) respectively. The branching rules are
(20,1)→(3,2,
1
2
, 0) + (2,3,−
1
2
, 0)
+ (2,1,
3
2
, 0) + (2,1,−
1
2
, 0) + (1,2,
1
2
, 0)
+ (1,2,−
3
2
, 0)
(15,2)→(3,1, 0, 1) + (1,3, 0, 1)
+ (2,2, 1, 1) + (2,2,−1, 1) + (1,1, 0, 1)
+ (3,1, 0,−1) + (1,3, 0,−1) + (2,2, 1,−1)
+ (2,2,−1,−1) + (1,1, 0,−1)
(97)
After the topological twist, the 4D spectrum is
(3,2)1/2 + (2,3)−1/2 + (2,1)3/2 + (2,1)−1/2
+ (1,2)1/2 + (1,2)−3/2 + (3,1)−1/2 + (1,3)−1/2
+ (2,2)1/2 + (2,2)−3/2 + (1,1)−1/2 + (3,1)1/2
+ (1,3)1/2 + (2,2)3/2 + (2,2)−1/2 + (1,1)1/2.
(98)
Applying (77, 78), we get the following fermionic
spectrum in representation Rq:
(2,3)−1/2 : ψ
µ
α(Rq) ∈ H
0
∂¯(K
1/2
Σ ⊗ LΣ(q),Σ)
(3,2)1/2 : ψ¯
µ
α˙(Rq) ∈ H
0
∂¯
(K
1/2
Σ ⊗ LΣ(q)
∗,Σ)
(2,1)−1/2 : ψα(Rq) ∈ H
0
∂¯(K
1/2
Σ ⊗ LΣ(q),Σ)
(1,2)1/2 : ψ¯α˙(Rq) ∈ H
0
∂¯
(K
1/2
Σ ⊗ LΣ(q)
∗,Σ)
(2,1)3/2 : ηα(Rq) ∈ H
0
∂¯
(K
3/2
Σ ⊗ LΣ(q)
∗,Σ)
(1,2)−3/2 : η¯α˙(Rq) ∈ H
0
∂¯(K
3/2
Σ ⊗ LΣ(q),Σ)
(99)
The net chirality of representation Rq from the 4D
Rarita-Schwinger supermultiplet is then
χRS(Rq) = χ(K
1/2
Σ ⊗ LΣ(q),Σ). (100)
The chirality from the 4D chiral multiplet with
Jtop = ±1/2 and Jtop = ±3/2 is
χc(Rq) =χ(K
1/2
Σ ⊗ LΣ(q),Σ)− h
0(K
3/2
Σ ⊗ LΣ(q),Σ)
+ h0(K
3/2
Σ ⊗ LΣ(q)
∗,Σ).
(101)
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V. DISCUSSIONS
In this section, we are going to discuss various caveats
and future directions. We shall start with the 6D physics
involving the E-string theory and non-flat fiber.
6D E-string spectrum
In this paper, we have obtained an infinite massless
tower of M2 brane wrapping modes with various E8 rep-
resentation and spin, see section III B. The lowest rep-
resentation is a 6D hypermultiplet in representation 248
of E8, which is consistent with the former results [33].
However, the exact role of these particle modes in the
E-string theory is still unclear. It would be interesting
to construct an infinite tower of primary operators from
these M2 brane wrapping modes, and compare them with
bootstrap results [43].
Besides the M2 brane wrapping modes, there also exist
M5 brane wrapping modes over the whole non-flat fiber
Snf , which give rise to tensionless string modes in the
6D E-string theory. We currently have no tool to read
out the string modes on these tensionless strings, but
they would be crucial to fully understand the E-string
spectrum.
In this paper, we have only studied one particular res-
olution of the singular Weierstrass model over F11. It
would be interesting to classify the different Coulomb
branches of the gauged E-string theory by studying other
different resolutions[67]. Such classification of Coulomb
branches has already been worked out for a number of
gauge field theories coupled with charged hypermulti-
plets, such as [44–49].
Coupling SCFT to gravity
Using the 6D F-theory on a generic fibration X3 over
F11, we have actually found a way to couple the E-string
theory with E8 gauge theory and supergravity. Naturally,
the 6D gauge and gravity anomaly cancellation equations
should hold as well, see [50]. For example, the 6D gravity
cancellation equation
Hcharged +Hneutral − V = 273− 29T (102)
on X3 is satisfied with
Hneutral = 463
V = 248
T = 1
(103)
and
Hcharged = 29. (104)
Hence the 6D E-string theory effectively contributes as 29
free charged hypermultiplet when it is coupled with grav-
ity (see also [51, 52]. From this observation, the mass-
less E-string spectrum couples to the E8 gauge field and
gravity in a very non-trivial way, which it is interesting
to investigate in detail.
Compactification of strongly coupled matter
Ultimately, we would like to study the strongly coupled
matter fields in 4D from the compactification of 6D E-
string theory on Σ, which couple to the E8 gauge group
and gravity. Although we can reduce the 6D E-string
operators to 4D, it is unclear whether these 4D fields can
be thought as particles with asymptotic states. After the
inclusion of gauge flux on Σ, it is also possible that many
of these fields will become massive, see the discussion
after (96). We neither know much about the RG flow of
4D gauge theory coupled with strongly coupled matter,
and what are the massless degree of freedom in the IR.
They will be crucial if one hope to construct standard
model matter spectrum.
We shall leave this to future research.
Other 4D conformal matter
In this paper, we have only considered the case of E-
string theory compactified on a Riemann surface. On a
general complex threefold base B3, there are other types
of (4,6) curves on an E8 divisor as well. For the class
II (4,6) curves, the localized physical spectrum cannot
be computed from the compactification of a 6D SCFT.
For these more general cases, we need to directly study
the M2 brane wrapping modes on non-flat fiber from
Calabi-Yau fourfold geometry, which is an interesting
next project to study.
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Appendix A: Computation of intersection numbers
on a toric variety
In this section, we present the methodology of comput-
ing intersection numbers of divisors on a compact toric
variety, as mentioned in section IIIA. We will consider
a 4D toric variety TΣ with toric fan Σ in our discussion,
although the procedure can be easily generalized to other
dimensions as well.
The input data of TΣ consists of the set of 1D toric
rays vi ∈ Z4:
Σ(1) = {vi = (vi,1, vi,2, vi,3, vi,4)(i = 1, . . . , n)} (A1)
and the set of 4D cones
Σ(4) = {vivjvkvl(i 6= j 6= k 6= l)}. (A2)
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We denote the toric divisor corresponding to vi by Dˆi.
With the set of 4D cones, we can easily compute the
set of 2D cones
Σ(2) = {vivj |∃vivjvkvl ∈ Σ(4)} (A3)
and the set of 3D cones
Σ(3) = {vivjvk|∃vivjvkvl ∈ Σ(4)}. (A4)
Then for any vivjvkvl ∈ Σ(4), their intersection numbers
are
Dˆi · Dˆj · Dˆk · Dˆl =
1
|V ol(vivjvkvl)|
, (A5)
where V ol(vivjvkvl) is the volume of the 4D cone.
For the other intersection numbers involving self-
intersections D2i , D
3
i or D
4
i , we can compute them with
the four linear equivalence relations
|Σ(1)|∑
i=1
vi,jDi = 0 ,
(j = 1, . . . , 4).
(A6)
We take the product of equation (A6) with a product of
three toric divsiors Di · Dj · Dk, and get the following
different types of equations:
∀vkvlvm ∈ Σ(3) ,
|Σ(1)|∑
i=1
vi,jDi·Dk·Dl·Dm = 0 , (j = 1, . . . , 4),
(A7)
∀vkvl ∈ Σ(2) ,
|Σ(1)|∑
i=1
vi,jDi ·D
2
k ·Dl = 0 =
|Σ(1)|∑
i=1
vi,jDi ·Dk ·D
2
l = 0 ,
(j = 1, . . . , 4),
(A8)
∀vk ∈ Σ(1) ,
|Σ(1)|∑
i=1
vi,jDi ·D
3
k = 0 , (j = 1, . . . , 4). (A9)
We first solve the equations (A7) to compute all the in-
tersection numbers in the form of D2i ·Dj ·Dk. Then we
plug them into (A8) to solve all the intersection numbers
in the form of D3iDj and D
2
iD
2
j . Finally, we solve (A9)
to obtain all the intersection numbers in the form of D4i .
As a concrete example, let us consider the generic P2,3,1
bundle over P2, with the following set of 1D rays vi:
Σ(1) = {vi}
= {(1, 0,−2,−3), (0, 1,−2,−3), (−1,−1,−2,−3),
(0, 0, 1, 0), (0, 0, 0, 1), (0, 0,−2,−3)}
(A10)
and the 4D cones:
Σ(4) = {v1v2v4v5, v1v2v4v6, v1v2v5v6, v1v3v4v5,
v1v3v4v6, v1v3v5v6, v2v3v4v5,
v2v3v4v6, v2v3v5v6}
(A11)
We can hence compute the set of 2D and 3D cones:
Σ(2) ={v1v2, v1v3, v1v4, v1v5, v1v6, v2v3, v2v4,
v2v5, v2v6, v3v4, v3v5, v3v6, v4v5, v4v6, v5v6}
(A12)
Σ(3) ={v1v2v4, v1v2v5, v1v2v6, v1v3v4, v1v3v5,
v1v3v6, v1v4v5, v1v4v6, v1v5v6, v2v3v4, v2v3v5,
v2v3v6, v2v4v5, v2v4v6, v2v5v6, v3v4v5, v3v4v6,
v3v5v6}.
(A13)
The intersection numbers of the form (A5) are
D1 ·D2 ·D4 ·D5 = D1 ·D3 ·D4 ·D5
= D2 ·D3 ·D4 ·D5 = 1 ,
D1 ·D2 ·D4 ·D6 = D1 ·D3 ·D4 ·D6
= D2 ·D3 ·D4 ·D6 =
1
3
,
D1 ·D2 ·D5 ·D6 = D1 ·D3 ·D5 ·D6
= D2 ·D3 ·D5 ·D6 =
1
2
.
(A14)
The linear equivalence relations (A6) are
D1 = D3,
D2 = D3,
D4 = 2(D1 +D2 +D3 +D6),
D5 = 3(D1 +D2 +D3 +D6),
(A15)
which means that we can use (D3, D6) as a base of the
Picard group of TΣ. Then from (A7,A8,A9), we can solve
the intersection numbers
D43 = D
3
3D6 = 0 , D
2
3D
2
6 =
1
6
, D3D
3
6 = −1 , D
4
6 =
9
2
.
(A16)
We can then compute the triple intersection numbers
of the Calabi-Yau threefold hypersurface X ⊂ TΣ with
(37). Since
−K(TΣ) = 18D3 + 6D6, (A17)
we can compute
D33 · (−K(TΣ)) = 0 (A18)
D23 ·D6 · (−K(TΣ)) = 1 (A19)
D3 ·D
2
6 · (−K(TΣ)) = −3 (A20)
D36 · (−K(TΣ)) = 9. (A21)
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Appendix B: Toric fan of Tres
In this section, we will list all the 4D rays and cones
of the 4D toric ambient space Tres constructed in sec-
tion III A, which is a blow up of P2,3,1 bundle over F11.
The 4D rays are
v˜1 = (1, 0,−2,−3) , v˜2 = (0,−1,−2,−3),
v˜3 = (−1,−11,−2,−3) , v˜4 = (0, 1,−2,−3),
v˜5 = (0, 0, 1, 0) , v˜6 = (0, 0, 0, 1) , v˜7 = (0, 0,−2,−3),
v˜8 = (0,−1,−1,−2) , v˜9 = (0,−1, 0,−1),
v˜10 = (0,−1,−1,−1) , v˜11 = (0,−1, 0, 0),
v˜12 = (0,−2,−1,−2) , v˜13 = (0,−2,−2,−3),
v˜14 = (0,−2, 0,−1) , v˜15 = (0,−2,−1,−1),
v˜16 = (0,−3,−1,−2) , v˜17 = (0,−4,−2,−3),
v˜18 = (0,−3,−1,−1) , v˜19 = (0,−4,−1,−2),
v˜20 = (0,−5,−2,−3) , v˜21 = (0,−6,−2,−3). (B1)
The 4D cones are (we have omitted v˜)
(1, 4, 5, 6), (1, 4, 5, 7), (1, 4, 6, 7), (3, 4, 5, 6),
(3, 4, 5, 7), (3, 4, 6, 7), (1, 2, 5, 7), (1, 2, 6, 7),
(2, 3, 5, 7), (2, 3, 6, 7), (1, 2, 6, 10), (1, 6, 10, 15),
(1, 6, 15, 18), (1, 6, 11, 18), (1, 5, 6, 11), (1, 2, 10, 13)
(1, 2, 8, 13), (1, 2, 5, 8), (1, 5, 8, 9), (1, 5, 9, 14),
(1, 5, 11, 14), (1, 8, 9, 12), (1, 12, 16, 17), (1, 9, 12, 14),
(1, 12, 14, 16), (1, 11, 18, 19), (1, 11, 14, 19), (1, 18, 19, 21),
(1, 18, 20, 21), (1, 15, 18, 20), (1, 14, 16, 19), (1, 16, 19, 21),
(1, 16, 20, 21), (1, 10, 15, 17), (1, 15, 17, 20), (1, 16, 17, 20),
(1, 8, 12, 13), (1, 10, 12, 13), (1, 10, 12, 17), (3, 2, 6, 10),
(3, 6, 10, 15), (3, 6, 15, 18), (3, 6, 11, 18), (3, 5, 6, 11),
(3, 2, 10, 13), (3, 2, 8, 13), (3, 2, 5, 8), (3, 5, 8, 9),
(3, 5, 9, 14), (3, 5, 11, 14), (3, 8, 9, 12), (3, 12, 16, 17),
(3, 9, 12, 14), (3, 12, 14, 16), (3, 11, 18, 19), (3, 11, 14, 19),
(3, 18, 19, 21), (3, 18, 20, 21), (3, 15, 18, 20), (3, 14, 16, 19),
(3, 16, 19, 21), (3, 16, 20, 21), (3, 10, 15, 17), (3, 15, 17, 20),
(3, 16, 17, 20), (3, 8, 12, 13), (3, 10, 12, 13), (3, 10, 12, 17)
(B2)
We list the correspondence between the rays in (B1)
and the divisors mentioned in section IIIA:
v˜1 : v = 0 , v˜2 : u = 0 , v˜5 : x = 0 , v˜6 : y = 0 ,
v˜13 : E1 , v˜10 : E2 , v˜17 : E3 , v˜20 : E4 , v˜21 : E5 ,
v˜19 : E6 , v˜14 : E7 , v˜21 : E8. (B3)
Appendix C: Group theory results
We summarize the relevant group theory facts in this
section [53, 54].
1 2 3 4 5
8
6 7
FIG. 8: The labeling of 8 Dynkin nodes of E8.
Highest weight Representation
(0,0,0,0,0,0,0,0) 1
(1,0,0,0,0,0,0,0) 248
(0,0,0,0,0,0,1,0) 3875
(2,0,0,0,0,0,0,0) 27000
(0,1,0,0,0,0,0,0) 30380
(0,0,0,0,0,0,0,1) 147250
(1,0,0,0,0,0,1,0) 779247
(3,0,0,0,0,0,0,0) 1763125
(0,0,1,0,0,0,0,0) 2450240
(1,1,0,0,0,0,0,0) 4096000
(0,0,0,0,0,0,2,0) 4881384
(0,0,0,0,0,1,0,0) 6696000
TABLE IV: The list of the lowest dimensional representations of
E8.
1. E8 representations
We label the 8 Dynkin nodes of E8 in figure 8. Then
the irreducible representations of E8 are labelled by their
highest weight (a1, a2, a3, a4, a5, a6, a7, a8). We list a few
of the lowest dimensional representations in table IV.
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